We study the Aharonov-Bohm conductance oscillations of a constriction with an antidot in the fractional quantum Hall regime using a recently proposed composite-fermion Fermi liquid theory, and also using Wen's chiral Luttinger liquid theory extended to include mesoscopic effects. The predictions of the composite-fermion Fermi liquid theory are very similar to standard Fermi liquid theory and are consistent with recent experiments. In our chiral Luttinger liquid theory, which is valid in an experimentally realizable 'strongantidot-coupling' regime for bulk filling factors g = 1/q (q odd), the finite size of the antidot introduces a new temperature scale T 0 ≡hv/πk B L, where v is the Fermi velocity and L is the circumference of the antidot edge state. Chiral Luttinger liquid theory predicts the low-temperature (T T 0 ) Aharonov-Bohm amplitude to vanish with temperature as T 2q−2 , in striking contrast to Fermi liquid theory (q = 1). Near T ≈ T 0 , there is a pronounced maximum in the amplitude, also in contrast to a Fermi liquid. At high temperatures (T T 0 ), however, we predict a new crossover to a T 2q−1 e −qT/T 0 temperature dependence, which is qualitatively similar to Fermi liquid behavior. We show how measurements in the strong-antidot-coupling regime, where transmission through the device is weak, should be able to distinguish between Fermi liquid and chiral Luttinger liquid behavior both at low and high temperatures and in the linear and nonlinear response regimes. Finally, we predict new mesoscopic edge-current oscillations, which are similar to persistent current oscillations in a mesoscopic ring, except that they are not reduced in amplitude by disorder. In the fractional regime, these 'chiral persistent currents' have a universal non-Fermi-liquid temperature dependence, and may be another ideal system to observe a chiral Luttinger liquid.
Introduction
It is well-known that the integer quantum Hall effect [ ] and others [8] [9] [10] [11] have proposed and developed a chiral Luttinger liquid (CLL) theory of edge states in the FQHE regime, in which electron-electron interactions play a crucial role and whose predictions can differ dramatically from those of FL theory. On the other hand, as was pointed out by Jain [ .
12
.
], the incompressible many-body states that give rise to the FQHE can be thought of, in a mean field sense, as arising from the spectral gaps between the single-particle Landau levels of quasiparticles known as 'composite fermions.' Recently a composite-fermion edge state theory of transport has been proposed [ .
13
. ] which also adopts this single-particle view of the FQHE. It predicts the properties of edge states in the FQHE regime to be close to-but not identical with-those of a conventional FL.
Experiments on semiconductor nanostructures should be able to distinguish between CLL and FL theories of fractional edge states. The first experiment of this kind was performed by Milliken et al. In this paper we address the problem of AB conductance oscillations of constrictions with an antidot in the FQHE regime theoretically, from both the composite-fermion FL and CLL points of view. We first outline the treatment of these resonances in the integer regime based on the Büttiker-Landauer FL approach, and then describe the salient results of the composite-fermion FL theory in the fractional regime. We then develop a CLL theory of the AB oscillations for the case of weak transmission through the constriction containing the antidot (our 'strong-antidot-coupling' regime), compare the results obtained with those of FL theory, and we propose experiments that should be able to distinguish definitively between CLL and FL fractional edge states in the strong-coupling regime. Our CLL theory also applies to the case of weak-antidot-coupling for values of AB flux which are off resonance [ .
18
]. The CLL theory we present assumes that there is only one relevant FQHE edge state present.
Finally, we study the response of an edge state to an additional AB flux. We find new mesoscopic edgecurrent oscillations, which are similar to persistent current oscillations in a mesoscopic ring, except that they are not reduced in amplitude by disorder. In the FQHE regime, these 'chiral persistent currents' have a universal non-Fermi-liquid temperature dependence and may be another ideal system to observe a chiral Luttinger liquid.
Büttiker-Landauer fermi liquid theory
The system of an antidot in a constriction in the integer regime has been studied extensively both experimentally [ .
19
. ] and theoretically [ .
20
]. The theoretical work has been based on Büttiker-Landauer edge state theory, which is valid for noninteracting electrons. At finite temperatures the net current I flowing from drain to source through the constriction with the antidot is
whereT ≡ Tr tt † is the multichannel edge-state transmission probability of the constriction with the antidot, which depends on the energy . Here n F ( ) ≡ (e /T + 1) −1 is the Fermi distribution function, with T being the temperature, and µ s and µ d are the electrochemical potentials of the source and drain that feed electrons via edge states to the constriction. In linear response, this reduces to a two-terminal conductance for the device given by
The transmission probabilityT ( ) has been evaluated for a variety of edge state configurations in Ref.
[ .
. ] using unitary edge-state scattering matrices. For the case shown in Fig. 1 , it takes the form
where T A is the probability that an electron in an edge state is transmitted directly through the constriction on either side of the antidot without being scattered out of that edge state, and is assumed to be the same for the edge states on either side of the antidot. In the notation of Fig. 1A , T A = 1 − | ± | 2 . is the phase accumulated by an electron in a complete orbit of the antidot; up to an additive constant it is approximately given by 2π / 0 + L/v, where is the AB flux, 0 ≡ hc/e is the flux quantum, L is the antidot circumference, and is the electron energy. In the limit of small transmission probability T A we havê
This limit corresponds to the strong-antidot-coupling case for which the CLL theory described in this article has been developed. We will be comparing the predictions of the above Büttiker-Landauer FL theory with those of our CLL theory below. ]. Here we will outline the main results of the theory of the temperature dependence of the composite-fermion conductance resonances, since this has been the aspect of interest in the experimental studies that have sought to distinguish between the FL and CLL theories of fractional edge states. In this section we use the term Fermi liquid to apply to interacting electron systems that may be treated as weakly interacting or noninteracting quasiparticle systems. The composite fermion edge state energy level structure differs qualitatively from that of ordinary Landau levels in the integer regime because of the presence of a densitydependent contribution to the effective magnetic field experienced by the composite 
16
. ]), the net composite fermion current through the device takes the form
Since the composite fermion edge states are taken to be a Fermi liquid, eqn (
) closely resembles ( .
), however the multichannel transmission probabilityT * and the electrochemical potentials µ * s and µ * d that appear are those of composite fermions, not electrons. The two-terminal conductance of the constriction with the antidot is then given in linear response by
where m is the number of quanta of fictitious magnetic flux carried by each composite fermion [ .
25
]. The form of this expression differs from the Büttiker-Landauer linear response expression ( ] since α/(1 + mα) is a monotonically and smoothly increasing function of α and is nearly linear over the small ranges of α that are of interest in practice. Furthermore, although G C F does not obey the standard FL linear response relation
between the zero temperature conductance G 0 ( ) at energy and the finite temperature conductance G T exactly, the discrepancy turns out to be very small in practice again because of the properties of the mapping α → α/(1+mα). 
Finite-size chiral Luttinger liquid with topological excitations
To study mesoscopic effects associated with edge states in the FQHE, we shall extend chiral Luttinger liquid theory to include finite-size effects. ]. To proceed in the chiral case we bosonize the electron field operators ψ ± (x) according to the convention
where ρ ± (x) is the normal-ordered charge density and φ ± is a chiral scalar field for right (+) or left (−) movers. The dynamics of φ ± is governed by Wen's Euclidian action [
. (9) where g = 1/q (q odd) is the bulk filling factor and v is the Fermi velocity. Here L is the size (i.e. length) of a given edge state. When q = 1, eqn ( ) may be canonically quantized by imposing the equal-time commutation relation (modulo periodic extension)
We then decompose φ ± into a nonzero-mode partφ ± (x) satisfying periodic boundary conditions that describes the neutral excitations, and a zero-mode part φ 0 ± that describes charged excitations: φ ± =φ ± + φ 0 ± . The nonzero-mode part may be expanded in a basis of Bose annihilation and creation operators in the usual way,
with coefficients determined by the requirement thatφ ± itself satisfies (
) in the L → ∞ limit. In a finite-size system, however,
. (12) so we must require the zero-mode part to satisfy
for the total field to satisfy eqn ( .
.
). An expansion analogous to eqn ( ) and, in addition, the requirement
which follows from eqn ( 
where χ ± is a phase operator conjugate to ) as
In a finite-size system, the level spacing for neutral and charged excitations scale with system size as 1/L and become gapless in the L → ∞ limit. What are the allowed eigenvalues of N ± ? The answer may be determined by bosonization: To create an electron, we need a ±2π kink in φ ± . The electron field operators can therefore be bosonized as
where a is the same microscopic cut-off length that appears in eqn ( .
). The additional c-number phase factor is chosen for convenience. To see that (
creates an electron at position x. Equation (
±i2π N ± /g . Thus, periodic boundary conditions on ψ ± (x) lead to the important result that the allowed eigenvalues of N ± are given by
. (18) which means that there exists fractionally charged excitations or quasiparticles, as expected in a FQHE system.
Finally, we note that coupling to an AB flux is achieved by adding δL = 1 c j ± A to the Lagrangian, where
∂ t φ ± is the bosonized current density and A is a vector potential. The flux couples only to the zero-modes, and results in the replacement N
), where 0 ≡ hc/e.
Scaling theory
We begin our study of the AB effect by performing a perturbative renormalization group (RG) analysis in the weak-antidot-coupling regime. In this case S = S 0 + δS, where S 0 ≡ S L + S R + S A is the sum of actions of the form ( 
describes the tunneling of m quasiparticles from an incident edge state into the antidot edge state at point x ± with dimensionless amplitude ]. We assume the leads, described by S L and S R , to be macroscopic, and we also assume for simplicity that |
, which, at zero temperature and for values of x such that x L, is given by
. (20) where ± = m 2 g/2 is the scaling dimension of e imφ ± . Consider now the correlation function
which arises in a perturbative calculation of the partition function Z = Dφ L Dφ R Dφ A e −S . For V † + (τ )V + (0) and therefore Z to be invariant under a small decrease in cut-off a → a = sa we need = s
where ≡ ln(a/a ).
(m)
− satisfies an identical flow equation. These flow equations, which show that quasiparticle (m = 1) backscattering processes are relevant and electron (m = 1/g) backscattering is irrelevant when g = 1/3, were first derived by Kane and Fisher [ .
29
. ] using momentum-shell RG. Next consider the correlation function V † ) are therefore valid in the antidot problem considered here.
Aharonov-Bohm effect in the strong-antidot-coupling regime
The RG analysis of the previous section shows that off resonance [ .
18
. ] and at low temperatures the antidot will be in the strongly coupled regime shown in Fig. 1B . Furthermore, if the antidot system starts in the strongly coupled regime, it will stay in this regime throughout the ranges of temperature and magnetic field important experimentally, because the quasiparticle backscattering process (which would be relevant in the RG sense) is not allowed in this edge-state configuration and only electrons can tunnel [ .
30
]. The strong-antidot-coupling regime therefore admits a perturbative treatment [ .
. ], to which we now turn. Details of the calculations shall be given elsewhere.
The current I passing between edge states L and R as a function of their potential difference V may be calculated for small tunneling amplitudes i (i = 1, 2), which for simplicity are taken to be equal apart from AB phase factors [ .
31
]. The result is
where
is an electron tunneling operator acting at point x i . This response function can be calculated using bosonization techniques and the result for filling factor g = 1/q is
where L T ≡ v/T is the thermal length. When q = 1, (
) is the response function for free chiral electrons. Each term X i j in ( .
23
. ) corresponds to a process occurring with a probability proportional to | i j |. The local terms X 11 and X 22 therefore describe independent tunneling at x 1 and x 2 , respectively, whereas the nonlocal terms X 12 and X 21 describe coherent tunneling through both antidot constrictions. The AB phase naturally couples only to the latter. We shall see that the local contributions behave exactly like the tunneling current in a quantum point contact. The AB effect, however, is a consequence of the nonlocal terms, and we shall show that there are new non-Fermi-liquid phenomena associated with these terms that are directly accessible to experiment.
We have Fourier transformed ( .
24
) exactly and find a crossover behavior in the nonlocal response functions when the thermal length L T becomes less than |x i − x j |. The finite size of the antidot therefore provides an important new temperature scale (with units now restored)
where L is the circumference of the edge state around the antidot. For example, a Fermi velocity v of 10 6 cm s −1 and circumference L of 1 µm yields T 0 ≈ 20 mK. Note that T 0 is closely related to the energy level spacing E ≡ 2πv/L for noninteracting electrons with linear dispersion in a ring of circumference L:
2 . The current can generally be written as
where I 0 is the direct current resulting from the local terms and I AB is the AB current resulting from the nonlocal terms. For noninteracting electrons, the Büttiker-Landauer formula or our perturbation theory with q = 1 may be used to show that
is the direct contribution, and the AB part is given by
where |t| 2 is the source-to-drain transmission probability [ .
31
].
In the linear response regime we generally write I = GV , where, for a Fermi liquid, G FL 0 = |t| 2 , and
The exact current-voltage relation for the g = 1/3 chiral Luttinger liquid is
and
In the limit L → 0, I AB always reduces to I 0 . To see this in the g = 1/3 case one has to expand the terms in the bracket of eqn ( .
. ) up to third order in L (all lower orders cancel exactly). We now summarize our results for general q. We shall for convenience summarize the transport properties as a function of temperature for fixed voltage, first for V T 0 and then for V T 0 .
Low voltage regime: V T 0
In this case there are three temperature regimes. When T V T 0 , both I 0 and I AB have nonlinear behavior, varying with voltage as V 2q−1 . When the temperature exceeds V , the response becomes linear. When V T T 0 , both G 0 and G AB vary with temperature as
where T F ≡ v/a is an effective Fermi temperature. For example, when q = 3, the exact conductance [obtained from eqn (
which is shown in Fig. 2 , along with the Fermi-liquid result. Note that near T ≈ 2T 0 , we find that G AB displays a pronounced maximum, also in striking contrast to a Fermi liquid. Increasing the temperature further we cross over into the V T 0 T regime where G 0 scales as in (
), but
Thus G AB exhibits a crossover from the well-known T 2q−2 Luttinger liquid behavior to a new scaling behavior which is much closer to a Fermi liquid (q = 1). Careful measurements in this experimentally accessible regime should be able to distinguish between a Fermi liquid and this predicted nearly Fermi-liquid temperature dependence. 
High voltage regime: V T 0
Again there are three temperature regimes. For the lowest temperatures T T 0 V , the response is again nonlinear. The direct term varies with voltage as I 0 ∝ V 2q−1 , as in the lowest temperature, low voltage regime. However, the AB curent is now much more complicated, involving power-laws times trigonometric functions of the ratio V /T 0 . As an example, for the case q = 3 we find
which is related to the Bessel function J 5/2 . As the temperature is increased further to T 0 T V , we find a crossover to a remarkable hightemperature nonlinear regime. Here I 0 ∝ V 2q−1 as before, but now
Therefore, the nonlinear response at fixed temperature can also be used to distinguish between Fermi liquid and Luttinger liquid behavior, even at relatively high temperatures. When the temperature exceeds V, the response finally becomes linear. When T 0 V T , G 0 scales as in (   .   32   . ) whereas G AB scales as in (   .   34   . ). Thus at high temperatures the low-and high-voltage regimes behave similarily.
Persistent current in a chiral Luttinger liquid
In the previous section we have been discussing the transport properties of an edge state that occurs at the boundary of a quantum Hall fluid pierced by an antidot potential. In this section we shall discuss a nonFermi-liquid mesoscopic property of the edge current occurring at this same type of antidot boundary or at the boundary of a FQHE droplet confined in a quantum dot.
In a macroscopic edge state, an equilibrium edge current exists even in the absence of additional AB flux or twisted boundary conditions. In the absence of disorder the magnitude of this current is universal and is given by [ .
32
where ω c is the cyclotron frequency and˜ qh is the proper quasihole energy of the Laughlin state at filling factor g = 1/q. We now couple the edge state to an additional AB flux . The grand-canonical partition function of the mesoscopic edge state factorizes into a zero-mode contribution,
which depends on , and an irrelevant flux-independent contribution from the nonzero-modes. Here T 0 is again given by eqn ( .
.
). Note that if N ± were restricted to be an integer then the period of these equilibrium AB oscillations would be 0 /g. The allowed fractionally charged excitations ( ]. The edge current induced from the additional flux is
where is the grand-canonical potential. At zero temperature, this chiral persistent current has an amplitude (with units now restored)Ī
where, again, L is the length of the edge state, andĪ is renormalized by the electron-electron interactions in precisely the same way as in a nonchiral Luttinger liquid [ .
28
]. At temperatures T T 0 the amplitude decays as ∼ e −qT/T 0 . Because these persistent currents are chiral, there is no backscattering from impurities and hence no amplitude reduction from disorder. The temperature dependence of the magnetic response of a FQHE edge state may therefore be an ideal system to observe non-Fermi-liquid behavior.
Conclusion
We have studied the AB effect for filling factor 1/q (q odd) in the strong-antidot-coupling limit with CLL theory. The low-temperature linear response is similar to that in a quantum point contact. However, the AB oscillations are a mesoscopic effect and, as such, are diminished in amplitude above a crossover temperature T 0 determined by the size of the antidot. Above T 0 , the temperature dependence of the AB oscillations is qualitatively similar to that in a Fermi liquid (see Fig. 2 ). It is clear that a related crossover occurs in the weak-antidot-coupling regime as well. In addition, we have identified a new high-temperature nonlinear response regime that may also be used to distinguish between a Fermi and Luttinger liquid. Finally, we have predicted new mesoscopic edge-current oscillations that have a universal non-Fermi-liquid temperature dependence and may be another means to observe a chiral Luttinger liquid. We define resonance here in the sense it is used in the Luttinger liquid literature: The system is said to be on resonance when the AB flux prevents transmission through the antidot, i.e., if = (n + 1/2) 0 , where n is integral. Thus, CLL theory at low temperature predicts peaks in the two-terminal conductance on resonance, and vanishing conductance elsewhere. This definition is opposite to what is usually used in the FL antidot literature, which defines resonance to occur when = 2πn in eqn ( P. J. Simpson, et al., Surf. Sci. 305, 453 (1994); G. Kirczenow, et al., Phys. Rev. Lett. 72, 2069 (1994 A. S. Sachrajda et al., Phys. Rev. B 50, 10856 (1994 To simplify our expressions in the nonlinear response regime we apply the potential difference V symmetrically about an antidot energy level, which allows there to be a finite linear response at zero temperature in the FL case. Therefore, as the voltage is varied the two chemical potentials move in opposite directions at half the rate at which the voltage changes. A consequence of this symmetrization is that the nonlinear response in the FL case has a simple sinusoidal dependence on V , with a period equal to twice the antidot level spacing. For general situations when µ d = µ s − V (but µ s arbitrary), the FL result is instead I F L = |t| 2 {V + 
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